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1 Introduction and background

An interesting possibility in the context of electric-magnetic duality [1] is that the super-

symmetric Standard Model is the magnetic dual of some unknown electric theory [2-4].

This would have a bearing on many important questions. For example it would accommo-

date Landau poles in models of direct gauge mediation of supersymmetry (SUSY) breaking.

The dynamical scales could also explain hierarchies in the SUSY breaking sector and even

in the Yukawa couplings. More recently [4] it was argued that this possibility may, rather

counterintuitively, be compatible with unification. That argument was based on known

examples of Kutasov duality, i.e. duality that relies on a non-zero superpotential [5]. The

vacuum structure of these models was analysed in the simplest SQCD plus a single adjoint
case by Kutasov, Schwimmer and Seiberg (KSS); it can be that of a broken GUT theory



with electric and magnetic dual descriptions [6, 7]. Further related studies of these theories
were made in refs. [8-11].

The observation made in ref. [4] was that (as shown in figure 1) unification in such
theories is preserved in the mapping from electric to magnetic descriptions, with the gauge
couplings of the magnetic theory appearing to unify at the same energy scale but at un-
physical (imaginary) values of the gauge couplings. This unphysical gauge unification also
happens in a supersymmetric Standard Model with a large number of messengers in com-
plete SU(5) representations, and so in ref. [4] it was suggested that the latter would be a
strong hint of a magnetic dual GUT theory. Furthermore it was argued that this would
explain why the supersymmetric Standard Model appears to unify, but the proton does not
decay. The proton decay operator (being generated at the GUT scale) is a baryon operator
that is generated in the electric theory. However the decay takes place at low energies and
is therefore computed in the magnetic description with the relevant operator being mapped
to the corresponding magnetic baryon: consequently the decay rate is suppressed by the
many powers of A/Mgyr associated with the mapping of electric to magnetic baryons.

Unfortunately the arguments of ref. [4] are limited by the fact that no convincing
electric dual description of the supersymmetric Standard Model or indeed the Georgi-
Glashow SU(5) model is known. In particular, in for example an SU(5) framework, one
would like to be able to build chiral models, models with three generations, with adjoint
GUT Higgs fields and antisymmetrics and so on. Although some of these ingredients
(for example chiral models) are present in the models in the literature (related examples
with SU(N) gauge groups can be found in refs. [7, 12-14]), the particle content is very
constrained and is far from that of the Georgi-Glashow model. Motivated by this fact, we
will in this paper demonstrate how one can extend the Kutasov class of electric-magnetic
dual theories using gauge and flavour singlets.

In very general terms our approach can be described as follows. First recall the three
basic tests of electric-magnetic duality [15]: the two dual theories should

e have the same moduli space of vacua, and in particular a one-to-one map between
the degrees of freedom represented by meson and baryon operators,

e they should share the same global symmetries and have the same global anomalies
(i.e. the 't Hooft anomaly matching conditions),

e their moduli spaces should still match under all deformations of the theories by
chiral operators.

The KSS-like theories can be shown to pass all these tests, thanks to the IR dynamics
being simplified by the addition to the superpotential of various operators. In its orig-
inal formulation, the KSS theory consisted of SQCD plus a single adjoint, X, and the
superpotential operator

W o Xk (1.1)

for some integer k. This term alters the infra-red dynamics (it is a dangerously irrelevant

operator, as one says) for appropriate choices of SU(/V) and Fg flavours, and truncates the



chiral ring, allowing one to match the degrees of freedom in the moduli space relatively eas-
ily. Further examples of this kind of duality were discovered in refs. [13, 14] involving more
adjoint fields, and/or symmetric and antisymmetric representations. An obstacle restricts
the whole class of models however: as more fields are added, the chiral ring becomes more
difficult to truncate and additional operators have to be added to the superpotential to do
this; on the other hand each new operator projects out some global symmetry and weak-
ens the 't Hooft anomaly matching test. In particular once the R-symmetry is explicitly
broken the 't Hooft anomaly matching test becomes virtually meaningless, so this symme-
try at least one needs to preserve. Our approach in order to overcome this problem is to
use an additional singlet to enable us to add the extra operators needed to truncate the
chiral ring while preserving a meaningful R-symmetry. The role of this singlet is to break
the R-symmetry spontaneously by acquiring a VEV, thereby generating the R-symmetry
breaking couplings necessary to truncate the chiral ring.

At first sight one might suppose that there is little to be gained from doing this. Indeed
the R-charged couplings (and hence the singlet) will generally appear in the elementary
mesons that are a feature of the spectrum of the magnetic dual theory, so it might seem that
the R-charges in the magnetic theory are going to be arbitrary, and the correct anomaly
matching condition impossible to identify. This is not so however: the matching of the
composite mesons of the electric description to the elementary mesons of the magnetic one
entails an assignment of singlet contribution that is unambiguous. Moreover a nontrivial
test is that the equivalent assignment in the baryons makes their global charges match
automatically. With the R-charges of the elementary mesons of the magnetic dual the-
ory duly fixed, anomaly matching can then proceed as normal, and it provides the usual
powerful test of the duality.

In the following section we begin by showing how this can be done in the original
KSS (SQCD plus single-adjoint) model of refs. [6, 7]. An important feature of this model
is as we have stated the possibility of adding deformations that would break the GUT
symmetry. Although these operators are not crucial for truncating the chiral ring (being
relevant deformations rather than drastically changing the IR behaviour as the original
X1 operator did), it is still interesting to see how they can be made compatible with
a preserved R-symmetry by the addition of a gauge singlet. The procedure required to
identify the elementary mesons of the magnetic description in this simple case will serve
as a useful guide for later models. We find that anomaly matching in the deformed theory
works in two cases; the first corresponds to the original deformed KSS model with the
singlet VEV merely parameterizing the size of the deformation. The second model is
different from the original model, and as we shall see is (unlike the first) not associated
with the flow to a fixed point.

In sections 3, 5 and 6 we consider models with two or more adjoints and models with
extra antisymmetric and symmetric representations respectively. In each case we can add
to the superpotential enough operators to truncate the chiral ring while still maintaining
an R-symmetry and therefore highly non-trivial 't Hooft anomaly matching conditions.

Section 4 deals in more detail with the RG flow. Concentrating on the adjoint models,
we construct a complete picture of the flow in models with one adjoint plus a singlet using



Figure 1: The dual-unification scenario of ref. [4]: the supersymmetric Standard Model
appears to run to unphysical gauge unification when there are many messengers in complete
SU(()5) multiplets. This is mapped to a real unification occurring in an electric dual

description that is valid above the Landau pole scale.

a-maximization [16, 17]. The additional singlet alters the RG flow, and gives various fixed
points; the flow is to the KSS model with the singlet appearing in a deformation term,
however the theory can flow between fixed points corresponding to different deformations.
We use this picture to deduce the RG flow behaviour for the more general models with
additional adjoints. For the models with an odd number of adjoint fields, we argue that
the endpoint of the flow is also the deformed KSS model. Models with an even number
of adjoints flow to normal SQCD. In both cases the duality at the endpoints of the flow is
well understood.

We close the Introduction by making a parenthetical remark about the phenomenology.
Recall that our ultimate goal is to be able to describe the supersymmetric Standard Model
(or a Georgi-Glashow like GUT theory) as a magnetic dual. These theories generally do
not allow anomaly-free global R-symmetries because of the complexity of their Yukawa
couplings and Higgs mass terms. It is therefore likely that any R-symmetry would have
to be spontaneously broken anyway in order to have reasonable phenomenology, and using
gauge singlets to do this would be the simplest way. We consider this to be an additional
motivation for the study in this paper.

2 R-symmetry in the deformed KSS model

Let us first revisit the model of KSS in order to see how singlets can be introduced. As
we have said, one of the appealing features of those models was the ability to match the
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Table 1: The matter content of the electric theory in the KSS model.

electric and magnetic theories under deformations of the electric superpotentials
el
Wa =3 o Tr [ X517 S AT X 2.1
el ; k+1—g r + I’[ ] ( )

where X is an adjoint field of the SU(N) gauge group and we have chosen our basis for
X such that there is no X* term as explained in ref. [7]. The undeformed theory has only
the tg term. The t;~o deformations spontaneously break the gauge symmetry and lead to a
rich vacuum structure; it is then possible to show that there exists a similar deformation in
the magnetic theory that produces the same vacuum. There is an aspect of this procedure
that we will address in this section as a warm-up exercise which is this. By adding the
extra terms in eq.(2.1), one breaks the R-symmetries of the model. In principle therefore
the 't Hooft anomaly matching conditions apply only to the undeformed theory. However
it is often useful to think of couplings such as t;~o as background R-charged fields that
acquire VEVs. Thus a way to match the anomalies directly in the deformed theory would
be to consider these fields as singlets in the spectrum and to do the anomaly matching
on the complete theory. The singlet VEVs can then be fixed at the end to generate the

required R-breaking terms in eq.(2.1) spontaneously. This is what we will investigate here.

We commence by summarizing the models of KSS [6, 7] in more detail. They are based
on an SU(N) gauge group with Fg flavours of quarks and anti-quarks, and an adjoint field
of the SU(N) denoted by X. The symmetry content is

SU(FQ)L X SU(FQ)R X U(l)B X U(l)Rl X U(l)RQ . (22)

When there is only the #y term in the superpotential, the global symmetry is partially
broken but retains a U(1)r symmetry. The matter content is then summarised by table 1.
When there are also non-zero ¢; couplings, the U(1)g-symmetry is completely broken. The
F-term equation for the adjoint in this case can easily be solved by diagonalizing the X
using SU(N) rotations; the equation for a single entry x on the diagonal is

k—1
W'=0=> tx" "+ (2.3)
=0
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Table 2: The matter content of the magnetic theory in the KSS model; n = kFg — N.

This is a k’th order polynomial so there are k roots: hence

X11p1
X2l .
(X) = wr ) where Zpi = N. (2.4)
& i=1
Xklp,,
The gauge symmetry is broken as
SU(N) — SU(p1) x SU(pz) ...SU(pg) x U(1)*FL. (2.5)

Note that the parameter \ is used as a Lagrange multiplier to fix Tr [X] = 0.

To get the corresponding magnetic theory we need to identify a set of elementary meson
fields associated with composite operators of the electric model. A crucial aspect of the
superpotential is that it truncates the chiral ring; that is the equation of motion for X (in
for example the undeformed theory) sets X* = 0 (ignoring the Lagrange multiplier term)
along the F-flat directions. This means that when matching the moduli spaces, one need
only consider operators up to X*~! (in the deformed theory X* is mapped to a polynomial
in X of order less than k). Thus there are k types of meson operator that we denote m;

m; =QX’'Q, j=0,....k—1 (2.6)

The 7 = 0 object is the meson of usual Seiberg duality. Indeed, the £ = 1 model is just the
original Seiberg SQCD model if one integrates out the adjoint field. The field content of
the magnetic theory is ¢, ¢, m; and x, where x is an adjoint in the magnetic gauge group,
and where the elementary magnetic mesons are directly and unambiguously identified with
the composite operator m;. Assuming for the moment that there is only the ¢y term in the
electric theory then, as in refs. [6, 7], the baryon matching implies that the gauge group of
the full (unbroken) magnetic theory is

SU(n) =SU(kFg — N). (2.7)
The matter content is summarised in table 2. The superpotential in the deformed magnetic
theory is of the form
1
W

[\

k-1
_ li fet1—i
Wmag__zik—i—l—irfr{x }—i—
i=0



This form of superpotential was deduced in ref. [7] by equating the vacuum structures of
the electric and magnetic theories. The broken model in the magnetic theory is

SU(n) — SU(Fg — p1) x SU(Fg — pa) ... SU(Fg — p) x U(1)*L. (2.9)

Note that the matching of the sub-theories SU(p;) < SU(Fg—p;) is generically the standard
SQCD duality.

Let us now turn to the anomaly matching of the deformed theories and, as we have
proposed, introduce a singlet field ¢ whose role is to generate the ¢; couplings by acquiring
a VEV: we therefore write t; — ¢ for some exponents p;. The coefficients in the magnetic
superpotential are directly related to those in the electric one which, in turn, directly
relates the singlet structure in the magnetic theory to that in the electric one. As a simple

example consider the electric superpotential
k+1

k+1

k+1-1
W= o Tr | |

PLTy | ————— 2.10
} Tt T [k: +1-1 (2.10)
We will henceforth omit the Lagrange multiplier term, and also assume k£ > 2 and [ > 1.

We may read off the magnetic superpotential from eq.(2.8):

karl karlfl
Winag = —¢ Tr [ } — ¢ Tr [7k ] +

k+1 +1-1
k—1 k—1-1
pro - k-1-j. , O
?ijqx Tq + oz Z m;qe =g | . (2.11)
§=0 §=0

Note that all the couplings of the magnetic theory, in particular the powers of ¢, are
already determined by the vacuum structure. However the parameter ;2 is an unknown free
parameter that itself carries R—charge. For example, it determines the matching conditions
for the dynamical scales of the electric and magnetic theories (A and A respectively) which
are [6]
2Fg
A2N—Fo p2n—Fq _ <ﬁ> : (2.12)
to

The R-symmetry is anomaly free (with respect to the mixed gauge-R anomalies) so the
dynamical scales do not carry R-charge or depend on ¢. To be consistent the R-charge
of i has to be pgR4 and moreover p must scale as p ~ ¢”°. Both electric and magnetic
theories now have an R-symmetry that is spontaneously broken by the VEV of ¢.

Indeed let us now lay out the charges of the fields explicitly. By virtue of the electric
superpotential and the absence of mixed U(1)g x SU(N)? anomalies, the matter content
of the electric theory is given by table 3. Since we know the charges of the mesons from
eq.(2.6) we can independently derive the magnetic superpotential by writing down terms
consistent with the R-symmetry. This turns out to yield precisely Wy,.e as required, so
that the superpotential deduced from the vacuum structure is consistent with that deduced
from the R-symmetries. At the classical level Wy,,, allows arbitrary values of pg and p;.
However we will now see that the 't Hooft anomaly matching conditions constrain them.



SU(N)[SU(Fq)r |SU(FQ)r|U(1) B Ur
2N( — )
Q N | Fq 1| Bo '~ Rluten)-p(rD)
T — 2N (pr—p0)
Q N 1 Fq | —Bo |l ~ mluuek)—po (350
. 2(p1—po)
X ad] 1 1 0 PR o (1 TET)
21
¢| 1 1 1 0 TR —po(ITh—D)

Table 3: The matter content of the electric theory in the deformed KSS model. By is
arbitrary (conventionally it is taken to be the baryon number, i.e. By = 1/N).

To do the anomaly matching we first need to identify correctly the elementary fields
of the magnetic theory, and in particular deal with some arbitrariness about the definition
of the elementary mesons. Specifically, the mesons’ role is to mirror (and project out via
their equations of motion) the corresponding directions in the moduli space of the magnetic
theory. For example, consider the leading meson term of the magnetic superpotential.
Remembering that p ~ ¢ this can be written as

k—1

¢p°§mj§wkqu5¢p°Z(QXjQ>< ) (2.13)
j=0

Jj=0

where we have exhibited the composite objects of the electric theory that are the erstwhile
elementary mesons. The equations of motion of m; therefore project out the corresponding
directions in the magnetic moduli space. The arbitrariness lies in the singlet content of
what we call the elementary meson of the magnetic theory. Because the singlets carry
R-charge, unless we determine this correctly, anomaly matching is impossible.

We therefore propose the following principle: the singlets are to be distributed among
the elementary and composite magnetic mesons in the same way. That is, rewriting the
leading interaction as

k—1 k—1
o7 Y mart g =3 (Qenx)Q) (e ) ) (2.14)
Jj=0 7=0
where
Po
= 2.15
TR U (2.15)
allows us to identify the elementary mesons M; of the magnetic theory as
M; = QXY Q. (2.16)

As we have said, identifying this singlet contribution to the meson for non-zero pg is
an important step since it fixes the R—charges of the elementary mesons and hence the
anomaly matching.

An independent check of this identification of the magnetic mesons is that the same
identification is appropriate for the mapping between electric and magnetic baryons. In



detail, the baryons of the electric theory in the deformed KSS model are given by

k—1 k—1
- K=l
By~ H(XJQ)TJ = QN XXi=07"  where E rj =N (2.17)
J=0 J=0

(for concision we have omitted colour indices, which are contracted with a rank N epsilon
tensor). The magnetic baryons to which these are mapped were found (by mass flow and
by equating the global charges including R-charge) in refs. [6, 7] to be

kFg/2 k-1 o o
birjy ~ (ifg)_n/z (qu)FQ T~ (¢p0)(kFQ72n)/2 qanL(}J(Ferj). (2.18)
j=0

Using Z?;g Jj(Fg—rj) = Zf;ol jrj—(k — 1) Fg, we find that the R-charges of the baryons
are equal if

kF, kF,
NRg —nR,+ (k—1) (N—TQ>R)(+,OQ<TL—TQ>R¢ZO (2.19)

which is satisfied for any pg (the specific R-symmetry of the undeformed models [6, 7] is,
of course, equivalent to taking py = 0). Using eq.(2.15) one finds that this is equivalent to

kF,
NRg —nR, + (aRy + Rx) (k — 1) (N - TQ> = 0. (2.20)

In other words, the prefactor

tokFa/2

Cyars ~ (o) (e (221)

which is required to match the R-charges of the electric and magnetic baryons, is equivalent
to associating with each X precisely the same factor ¢ as we did did for the mesons

k—1
B{rj} ~ H [(¢aX)jQ]rj _ QN (¢O‘X)Zj;o jrj
s
o B
b{T’j} ~ H [(me)jq} Fo—rj _ q" (gbax)zjzo i(Fo—r;) . (2.22)
7=0

All that remains is to determine the U(1)p charges of the magnetic quarks. They can be
fixed by demanding that the U(1)p charges of the electric and magnetic baryons match up:

N
B, = —B;j=—Bq. (2.23)
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Table 4: Choices of the exponents py and p; that realize anomaly matching in the deformed
KSS model with singlet.

We may now proceed to anomaly matching. The mixed anomalies are found to be
U(1)p x SU(Fg)7 : NBg
U(1)p x SU(Fg)% : —NBg

, 2N (p — po)
Vr xSV~ i) - w1+ 1)
2N? (p; — po)

U(l)r x SU(FQ)% : —

Foloo (L4 k) —po(1+k —1)]
U(l)g xU(1)%: 0
AN?B3 (p1 — po)

U(l)g x U(1)p - oA+ k) —po(I+k—1)

U(l)B : 0
SN+ k+3)(po —p1) = Upo —2)
[ (L+k)—po(L+k=01]

in both theories. The last two correspond to mixed U(1)-gravity anomalies — there is a

(2.24)

contribution from the diagrams with gravitinos in the loop that is obviously universal and

has been ommitted. Three of the cubic anomalies also match

SU(Fg)i : N
SU(Fg)% : —N
U(1)% : 0. (2.25)

Up to this point the matching occurs for arbitrary pg and p;. However, the final U(1)3R
anomaly only matches for the three combinations of pg and p; that are presented in table 4.
There is also the special case n = N which satisfies the anomaly matching for any py and
p1- Note that, because of its complexity, the existence of simple solutions to the matching
of the U(1)% anomalies is certainly not a foregone conclusion.

In the first case the R-symmetry is clearly that of the original KSS model with the
singlet acting to preserve it under the addition of a deformation, but it is interesting that

there are two other consistent choices. The second case

_ (ki1 (2.26)
PL= L1 )Po .

,10,



is equivalent to

1—-k
po
The last case has p; = pg, ergo Rx = 0. It is therefore less interesting, since the singlet has

RX =1 and R¢ = (2.27)

simply introduced an R-symmetry of its own under which none of the matter superfields
are charged, and will be discarded.

The simplest choice of exponents in the pg # 0 model (where p; = po — lpo/ (k — 1)) is
the superpotential

. Y k+1 A Y k+1-1
W =" " Tr | —— Ty | — 2.28
0 =0 r[/ﬁl}ﬂﬁ r[k:—i—l—l] (228)
with Rx = 1 and Ry, = —1. Note that as far as the anomalies are concerned, we are at

liberty to choose [ = k 4+ 1 which generates a constant in the superpotential
k+1
k+1

Wooso = ¢* 1 Tr [ ] + ¢ (2.29)

when ¢ gets a VEV. Such a term could conceivably be generated dynamically. In the pg = 0
model the R-symmetry is precisely that of the KSS model. In this case p; is unconstrained
and the superpotential is

Xk;-i—l Xk+1—l
Woo—o = Tr [ ] + ¢ Tr [7} (2.30)

k+1 E+1-1

with Ry = #{H)' Clearly both cases allow for generally deformed superpotentials with
more than two terms; i.e. the general R-symmetric superpotentials (with these particular
R-charges) can be written

k—1 Xk+1
Wpo;éO =¢ Tr [k+1f(¢X)]
Xk+1
Wpo—o = Tr [k ! (qbp’/le)] (2.31)

where f is an arbitrary polynomial of order < k + 1.

There are various limits that one can consider. In the py = 0 theory for example,
one can continuously take the ¢ — 0 limit. This simply corresponds to turning off the
deformation of the KSS model. The magnetic superpotential is

k1 R 1 k= L o k—1-1 1
- p il —1-j —j—
Winag = Tr [/HJWZTY [/g+1—z} 12 Z ( ) ]Z MJ( q)
(2.32)
and goes continuously to the undeformed model as required. In the oppositie ¢ — oo limit,

we may define a rescaled X = ¢P1/(k+1=0) X and similarly rescaled magnetic adoints, so
that the electric superpotential becomes

k+1

T
e

Woomo = ¢~ pu(k+1)/(k+1=1) .

k+1-1
S 2.33
k+1-1 (2:33)

— 11 —



and the magnetic superpotential is

s =m0 [ 2] g [
g k+1 k+1-1
1

k— k—1-1
=P (k1) (k+1-1) o 1 N
S () - S () o
H =0 =0
where
M; =QX'Q and = ¢/ 10y, (2.35)

Thus in the large ¢ limit, keeping i constant, we have KSS duality with & — k — . In
terms of the original scales this corresponds to dialing down the Landau poles with respect
to p. Taking, for example, A ~ A, the matching relation tells us that

A= % ~ P/ 10 (2.36)

in this case. We shall later consider the RG flow in the theory.

3 Models with more adjoints

Now that we have demonstrated the use of singlets in electric/magnetic duality, we can go
on to apply this technique to models for which the dualities are not currently known. All
of the models presented below have electric theories based on SQCD, with gauge group
SU(NNV) and chiral quark flavour symmetry SU(Fp). We will try always to denote fields
and parameters in upper case for the electric theory and in lower case for the magnetic
theory. In each case the magnetic gauge group is SU(n) for some value of n which must be
determined.

3.1 Two adjoints

The first model we consider extends SQCD with two SU(/V) adjoints X and Y, and an
SU(N) singlet ¢. Electric/magnetic duality with two adjoints was first discussed by Brodie
and Strassler in refs. [12, 13], however the form of their model is much more restricted than
that which we are about to present. As our electric superpotential we take

kx+1

kx +1

ky +1

ky +1

Wo = ¢°X Tr [ ] + oY Tr [ ] + T [XY]. (3.1)

for some px and py, which allows a non-anomalous, global symmetry group
SU(F)r x SU(FQ)r x U(1)p x U(1)g (32)

where U(1)g is a unique R-symmetry. To be exhaustive, we will consider both positive and
negative values of px and py (with negative values possibly being generated dynamically).
The F-terms for the adjoints give

PPXXFX LY =0
YR L X = 0. (3.3)
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px (1+ky)+py (1+kx)

—
=}

adj

adj

e

SN R OO

Table 5: The matter content of the electric theory in the two adjoint model.

These equations truncate the chiral ring for all non-zero values of ¢. To see this, one uses
the first equation to set Y = —@PX X*X then substitutes into the second equation to find

(_1)ky ¢pxky+pkaXk?Y = —-X. (34)

Hence truncation occurs at X*X¥v or, equivalently, Y*x*v
Eq.(3.4) resembles the usual truncation equation in KSS duality (see § 2). It is natural
to suppose therefore that the duality proceeds in the same way, but with the effective value
of k
k* = kxky. (3.5)

This implies the meson structure
mj~QX'Q, j=0,... k" —1 (3.6)
and consequently a dual gauge group SU(n) with
n=FkFgy— N. (3.7)

Note that here it is convenient to use one of the adjoints X to be ‘active’; thus mgp4p ~
QX% x+bQ) ~ QY2 X°Q, where a < ky and b < ky.

Let us now investigate the theory a little more closely. The non-anomalous global
symmetries and the matter content of the electric theory are displayed in table 5. If one
assumes the dual gauge group eq.(3.7), the equivalent information for the magnetic theory
is as given in table 6, with the full properties of the elementary magnetic mesons yet to
be determined. The magnetic U(1)p charges are again fixed by the baryon map which
we will discuss shortly. Following KSS duality, table 6 also assumes that the magnetic
superpotential takes the form

kx+1 ky+1

Winag = ¢X Tr [ x

Y
Y T
k‘X—|—1:|+QS r[

m} + Tr [zy] + meson terms. (3.8)

The gauge singlet ¢ does not interact with the gauge group so is oblivious to the duality
and must retain the same charges throughout.

Now let us turn to the elementary mesons of the magnetic theory. In § 2 we found
that powers of ¢ appeared in their definition, and the same occurs here. To calculate

,13,



SU(n)|SU(FQ)r|SU(FQ)r|U(1) B U)r
q| n Fq 1 1 1- 4
g m 1 Fq | -2 1- 4
. 2(pxky +py)
z| ad] 1 1 0 PX(lJrk);)}r/PY(ﬁJrkX)
: 2(py kx+px)
y| adj 1 1 0 px(lJrk};)j:PYéJrkX)
2(1—Fk")
¢ 1 1 1 0 px (1+ky)+py (1+kx)

Table 6: The matter content of the magnetic theory in the two adjoint model, sans
elementary mesons. n = k*Fg — N.

SU(n) |SU(FQ)r|SU(FQ)r|U(1) B Ur

M| 1 | Fq Fq | 0 [2(1+/-4)

Table 7: The elementary mesons of the magnetic theory in the two adjoint model.

the appropriate powers of ¢ we once again write M; = Q (qﬁaX)j Q for j =0,..., k" —
1 and some « to be determined, and then consider the meson terms in the magnetic
superpotential. These are

k*—1
Wmeson = Z M]q (@ax)k*ilij q (39)
7=0

where the power of z is again shorthand for the corresponding power of z!*x and y!+#v.
Recall that no explicit p? parameter is required now since all the R-charge is carried by
the singlets. Note that the magnetic mesons still mirror the electric mesons, hence both
use the same value of a. Demanding that all of the terms have R-charge +2 leads to a
unique solution for «

px + pykx
== -- = 1
1—k* (3.10)
The final form for the electric mesons is therefore
M; = Q <¢(px+pykx)/(1*k*)X>j Q. (3.11)

Equivalently, we could have used Y instead of X as the active adjoint to describe the
mesons, in which case we would have found

M; = Q (¢(py+pxky)/(1*k*)y)j Q. (3.12)
As usual, these mesons are to be added into the magnetic theory as elementary fields.
Their properties are summarised in table 7.

We can now test the duality with 't Hooft anomaly matching. As before the U(l)%,
U(1)p x U(1)% and U(1)p anomalies are all zero; henceforth we will take them as read.
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The non-zero mixed anomalies are

U(1)p x SU(Fg)? : 1
U(l)p x SU(Fp)% : —1
U(1)r x SU(Fg)1 : —N*/Fq
U()r x SU(F)% : —N?/Fg
Ul)g x U(1)% : —2
Ul)g:-2— N>+ 2= ¥) (3.13)

px (14 ky)+py (1 +kx)

They are the same in both the electric and magnetic theories. The cubic anomalies all
match: the non-zero ones are

SU(Fg)3 : N
SU(FQ)‘;’% : =N
U(1)% : =2+ N? —2N*/F3 + 3Ry — 3R} + R} (3.14)

with Ry as given in table 5. As the anomalies match for all values of px and py, any values
giving well defined R-charges are allowed, and there is no constraint coming from the U(l)i,";z
anomaly. This is because the XY terms mean that Rx = 2 — Ry and consequently the
X and Y fermions have equal and opposite R-charge and don’t contribute here. The
quark R-charges are independent of px and py for the same reason (i.e. their R-charges
are determined by the required absence of SU(n)? x U(1)r anomalies and this gets no
contribution from X and Y either). The only field whose R-charge depends on px and py
is therefore the singlet which contributes the same in both electric and magnetic theories.
Note that demanding a well defined R-charge for the singlet eliminates the solution px =
py =0.

The point ¢ = 0 is singular. Assuming px and py are both positive and that therefore
« is negative, then the F-term equations eq.(3.3) have solution X =Y = 0 at ¢ = 0,
and the chiral ring truncates trivially. The behaviour of the ¢ = 0 theory and no adjoint
mass is not well understood, but it is obvious that here ultimately the electric theory flows
to that corresponding to normal SQCD with no adjoints, since we can integrate out the
adjoint fields X and Y below their (Dirac) mass. The assignment of mesons other than
My also breaks down at this point. Correspondingly the ¢ = 0 theory is ill-defined in the
magnetic superpotential, which contains

k*—1

Wmeson - Z Mjg (Sﬂqsa)k*ilij q, (315)
7=0

and which therefore diverges. This is hardly surprising because we are using ¢ to encode
both the couplings in the superpotential and the dimensionful parameter that defines the
elementary mesons in the magnetic description (i.e. the equivalent of the p? parameter of

the KSS model).
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3.1.1 Baryon matching

The form of the mesons eq.(3.11) strongly suggests that the adjoints should also come with
these powers of the singlets in the baryon map between electric and magnetic theories.
Applying this observation we construct electric baryons

k-1 .
By =] [6*x7 Q)" (3.16)
j=0
and magnetic baryons
k*—1 o 1Fas
by = | [((Z5 x) (J] (3.17)
j=0

with Zfial rj = N and « as in eq.(3.10). Again we are for convenience using X to be the
‘active’ adjoint; thus the dressed quarks correspond as X*x+tQ ~ Y2 XtQ, where a < ky
and b < kx. Our experience with KSS duality then leads us to propose the baryon map
By < b{rj}. This map is totally consistent with all global symmetries; in particular the
powers of the singlets are precisely those needed to match the R-charges of the baryons.

3.1.2 Generalising the mass term

It may not always be desirable for the electric superpotential eq.(3.1) to contain the mass
term XY. We will therefore outline how this term can be generalised. In order to do this
we shall consider the matching of the two theories in the absence of this term, and then
deduce that many alternative terms would be consistent with the duality. These terms
would not necessarily truncate the chiral ring in which case a simple classical matching of
the moduli spaces would not be possible. Nevertheless the fact that all the other tests of
the duality are still satisfied is compelling.

In the absence of the XY term, eq.(3.3) are modified and the chiral ring does not

truncate in the same way. Furthermore, the R-symmetry is relaxed to

N 2 —pxRy 2—pyRy
Ro=Rs=1—— (R Ry —1 Rx = ——"— Ry = —— 3.18
@~ " By Bx+ By —1), Rx === s )
Q
for arbitrary Ry in the electric theory and
n 2—,0)(R¢ 2—,0yR¢
R,=R;=1-—(R;+R,—-1), R,=—"7"— R, =—"7— 3.19
q q FQ( + Yy ) kX"_l Y kY+1 ( )

in the magnetic theory. These facts lead us to reconsider the meson structure of the theory.
The new modification of eq.(3.3) means that we are generally unable to define an
‘active’ adjoint as we did previously, so are forced to consider the more general meson

My, = Q(¢"X X)*(¢*YY)PQ (3.20)
witha =0,...,kx—1and b=0,...,ky —1. The parameters ax and ay are undetermined
functions of Ry. The meson terms in the magnetic superpotential now look like

kx—1ky—1

Wmeson _ Z Z Mabq (qsaxx)k‘xflfa (qsayy)k‘yflfb q. (3‘21)
a=0 b=0
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Demanding that these terms all have R-charge 2 allows one to write ay = ay (ax, Ry) as
a function of ax and Ry, but we are not able to remove the Ry dependence of the a’s.
We thus conclude that the meson terms in the magnetic superpotential are inconsistent
with more than one R-symmetry. Hence if we remove the XY term from the electric
superpotential we are forced to replace it with a different third term that yields a single,
non-anomalous R-symmetry in order to maintain the duality. The precise value of Ry is
completely arbitrary as long as it is non-zero. We thus have a very large amount of freedom
in choosing the third term in the electric superpotential.

Having fixed the R-symmetry and the meson structure there is still one free parameter
left in the theory; ax. The only anomalies that might be sensitive to ax are those involving
the R-symmetry. It turns out that the linear U(1)g and the mixed U(1)g x SU(Fg)?
anomaly matching does not depend on ax. The cubic R-symmetry anomaly matching,
however, depends quadratically on ax. If we choose one of the two values of ax that set
the cubic R-symmetry to zero all anomalies therefore match.

Using generalised dressed quarks we can construct electric baryons

kx—1ky—1 s
By =11 T [ x)" @) Q] (3.22)
a=0 b=0
and magnetic baryons
kx—1ky—1 Fy—ray
biray = 11 H[ “(¢™Y) ] (3.23)
a=0 b=0

with ka ! ZIZYO Lyw = N. The baryon map B,y < bgr,,y is then consistent with
all global symmetries for any choice of ax. The only aspect of the theory that now
needs testing is the meson sector. We have not established how (or even if) the chiral ring
truncates when the XY term is replaced by some other interaction, which makes it difficult
to see whether the mesonic degrees of freedom match up on either side of the proposed
duality. However, the fact that all other tests of duality, including the highly non-trivial
't Hooft anomaly matching and the baryon matching (itself, even less trivial than it was
in the presence of the XY term) are still passed suggests that the mesons will match up.
It may be that we have to resort to investigating the quantum chiral ring, rather than the
classical chiral ring we have considered thus far, to see this.

3.2 Three adjoints

The electric theory of this model is similar to the electric theory of the two adjoint model
in § 3.1, but with an extra SU(/V) adjoint Z and an extended superpotential

P thx-i-l P Yk:y-i—l p ZkZ+1
Wea = ¢PX T YT ZT Tr [ XY]+Tr[YZ]. (3.24
a= o e | e [ D ey o
For arbitrary values of py, the electric theory has no non-anomalous R-symmetry. One

must choose
PX (1 — k‘ykz) — pz (1 — kixk‘y)
kz —kx

py = (3.25)
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in order for the theory to posses one. This is markedly different from the two adjoint case
in which all p’s were independent. With py fixed as above, the non-anomalous, global
symmetry group is once again

SU(FQ)L X SU(FQ)R X U(l)B X U(l)R. (3.26)
The F-terms for the adjoints give

PPXXPX 1Y =0
Y™ L X+ 7 =0

przZ% 4y = 0. (3.27)
One can use the first equation to set Y = —@PX X*x then the second equation to set
Z = —X —(=1)" grxhytoy xkxky Upon substitution, the third equation reduces down to
977 [ =X — (1)t goxtrtor ket |22 g (3.28)

i.e.
Xk'Xk?Yk?Z ~ O (inxk‘ykz—kixk‘y-f—l) ) (329)

As long as ¢ # 0 this implies that the chiral ring is truncated at X*x¥vkz or equivalently,
Zkxkykz Tt is not generally possible to use Y as the ‘active’ adjoint as one is unable to
express both X and Z purely in terms of Y.

Using X as the active adjoint (the following argument would be equivalent if we used
Z instead) we now follow the procedure of § 3.1. Defining

k* =kxkyky (3.30)
we ought to be able to use the dual gauge group SU(n) with
n=FkFgy— N. (3.31)

The mesons are
M;=Q(¢*X)Y Q, j=0,....k —1 (3.32)

but with a new value of «

_ pz (K" —kx) — px (k" — kz)
e T Y (e (3.33)

The magnetic superpotential is

ka+1 yky+1 Zkz+1
W. = OPX T} PY T} PZ T
was = T [ o | e | S
k*—1
+Tr [y + Trlyz] + Y Mg (¢%2)" g (3.34)
=0
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- Folpz(1+kx)—px(1+kz)]

adj

2(pz—px)
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adj
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adj
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Table 8: The matter content of the electric theory in the three adjoint model.

SU(n) |SU(Fq)r[SU(FQ)r|U(1)B UM)r
¢| n | Fq 1 I Rt e e )
¢| m 1 Fo | -7 |- mror e
x| adj 1 1 0 pz(1+2k‘(£§:ﬁp)): ()1+kz)
yladi| 1 1 0 e
adj 1 1 0 pz(1+2k()[()§:5j(( ()1+kz)
¢ 1 1 1 0 B pz(1+2k()]:§:§; ()1+k‘z)
M| 1 | Fq Fq 0 | 2Rg+j(Rx+aRy)

Table 9: The matter content of the magnetic theory in the three adjoint model, n =

k*Fg— N.

as expected. We summarise the matter content for the electric and magnetic theories in

tables 8 and 9 respectively. All U(1) charge assignments can be seen to be consistent with

both the meson structure and the magnetic superpotential as required.

The 't Hooft anomaly matching reveals another significant difference between the two

adjoint and three adjoint models. The non-zero mixed anomalies are

They are still the same in both the electric and magnetic theories.

vvgv

01
=1

S N N SIS

. —2N? (PZ - ,Ox) /FQ [pZ (1 + kX) - PX (1 + kZ)]
: —2N%(pz — px) /Fo lpz (1 + kx) — px (1 + kz)]
1 —4(pz —px)/lpz (1 + kx) — px (1 +kz)]

 (px =2 kz — (pz = 2 kx + (px — pz) (3+2N?)

lpz (1+kx) — px (1+kz)]
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anomalies are

SU(Fg)i : N
SU(Fg)% : —N (3.36)
in both theories; the U(1)% anomaly is zero. However, the cubic R-symmetry anomalies

do not immediately match as per the single adjoint model. Their full forms are formidable,
but one can write the difference as

fsx (0, k) [pz — px]lpz (1 = kx) — px (1 = kz)|[pz (kx — k%) — px (kz — k*)]  (3.37)

where
4k*Fg (1 — 2k*) (K*Fg — 2N)

(1= k) [pz (1+kx) = px (1 + k2))°
When eq.(3.37) is equal to zero all cubic anomalies match. Solving for py yields three

fax (p, k) = (3.38)

possibilities;
kz —1 k* —ky (3.39)
= = or = .
Pz =PpX: Pz =X P2 = 1 PX
which, using eq.(3.25), result in
ky —1 kyk* —1
= —pxk = =—— 3.40
py ==pxky,  py =pmpx or py ey (3.40)

respectively. Any choice of the p’s satisfying both eq.(3.39), eq.(3.40) and giving well
defined R-charges is then allowed. Note that demanding a well defined R-charge for the
singlet once again eliminates the solution px = py = pz = 0.

Of particular interest is the second of these solutions. Choosing px = kx — 1 results in

px =kx =1, py=ky—1, pz=kz—-1 (3.41)
where we have used eq.(3.25) to calculate py. Furthermore, one finds

RQ:RQ = 1—N/FQ
Rx =Ry =Rz =1
R¢:—1 (3.42)

and the simple solution @ = —1. This solution will be useful when we move on to consider
theories with more adjoints.

As final check, we can consider the baryon matching. This is simple and proceeds
exactly as in § 3.1.1. It remains independent of the values of the p’s and the k’s.

The point ¢ = 0 is again worth noting. The three solutions of eq.(3.39) allow for four
possibilities. px and pz must always have the same sign but eq.(3.40) tells is that py can
have either. If px,py,pz > 0 or px,py,pz < 0 the F-term equations eq.(3.27) do not
truncate the chiral ring for ¢ = 0. The same is true for px,pz > 0, py < 0. However, if
px,pz < 0, py > 0 the second of eq.(3.27) gives Z = —X at ¢ = 0. The first and third
of €q.(3.27) then only have finite field value solutions at ¢ = 0 if X** = X*2 = 0 and
Y = 0. The chiral ring is thus truncated at the lowest of kx and kz. The electric theory
is effectively reduced down to the deformed KSS model.
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3.3 Fx adjoints

After § 3.1 and § 3.2 we expect the same principle will be extendable to an electric theory
containing F'x adjoints X; with ¢ = 1,..., Fix. Rather than go through the whole process
with undetermined p;’s, as we did in the previous sections, we will explicitly demonstrate
the duality for a set of carefully chosen p;’s in which the algebra is greatly simplified.

We choose

Fx ki+1 Fx—1
_ ki—1 i 5
Wy = ;qﬁ Tr 1 + ; Tr [X; X1 (3.43)
which gives the global symmetry group
SU(FQ)L X SU(FQ)R X U(l)B X U(l)R (344)

and F-terms

PMTIXT L Xy =0
¢k¢*1Xik'i + Xifl + Xi+1 = 0, ’L ?é 1,FX
$rx XS + Xyt = 0 (349

One can use the first of these equations to write X5 in terms of X;. The second equation
with ¢ = 2 then allows X3 to be expressed in terms of X;. One continues, using the second
equation for increasing values of 7, until all of the X; have been expressed in terms of X3
alone. The third equation then reduces down to

where p
X
K=k (3.47)
i=1

The chiral ring is thus truncated at X}
Using X7 as the active adjoint we now follow the usual procedure and use the dual
gauge group SU(n) with

n=FkFg— N. (3.48)
The mesons are '
M;j=Q(¢'X)'Q, j=0,... k-1 (3.49)
and the magnetic superpotential is
Fx - xfi+1 Fx—1 E*—1 ey
Winag = izl‘ls T T+ 1 + Zzl Tr [2i@i41] + jzo M;q (¢~ ) q.  (3.50)

We summarise the matter content for the electric and magnetic theories in tables 10 and 11
respectively. All U(1) charge assignments can be seen to be consistent with both the meson
structure and the magnetic superpotential as required.
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Table 10: The matter content of the electric theory in the Fx adjoint model.

SU(n)[SU(FQ)L][SU(FQ)r[UMW) 5] U(Dr

q n Fq 1 % — FLQ

g| m 1 Fq —1 - %

xz; | adj 1 1 0 1

ol 1 1 1 0 ~1
M| 1| Fq | Fq | 0 ]2(1+j-&)

Table 11: The matter content of the magnetic theory in the Fx adjoint model, n =
k*Fg — N.

The 't Hooft anomaly matching is straightforward, thanks to the simple R-charges of
the adjoints. Indeed, the adjoints do not contribute to any of the anomalies we need to

calculate as their fermionic components are not charged under any of the global symmetries.
We find non-zero mixed anomalies

U(1)p x SU(Fg)7 : 1
U(l)p x SU(Fg)% : —1
U(1)r x SU(Fg), : —N?/Fq
U(L)r x SU(FQ) : —N?/Fq
U(l)g x U(1)% : —2
U(l)g : =3 — N2 (3.51)
and non-zero cubic anomalies
SU(Fg)i : N
SU(Fg)% : —N
U)% : =9+ N? —2N*/F3. (3.52)

All anomalies are the same in both theories. Furthermore, the baryon matching goes
exactly as in § 3.1.1.

We used particular values for the p’s throughout this section but we expect the duality
will still exist if we change these values. In general one is be able to choose values for
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two of the p’s freely and still obtain a non-anomalous R-symmetry consistent with the
superpotential. 't Hooft anomaly matching can impose extra constraints on the two free
p’s. From considerations of theories with more than three adjoints, it appears that, for
even Fx, there are no extra constraints. However, for odd F'x only one of these two p’s
remains free. The second ‘free’ p is expressed in terms of the first, there being three possible
solutions.

This is the one of two significant differences between theories with odd and even Fx.
The second being the truncation of the chiral ring for ¢ = 0. When ¢ = 0 the chiral ring
truncates trivially if F'x is even but does not truncate at all (with these particular values of
the p’s) if Fy is odd. To see this one must notice that the second equation of eq.(3.45) for
¢ = 0 connects oddly/evenly labelled X;’s to oddly/evenly labelled X;’s. The first equation
always gives Xo = 0 at ¢ = 0. One can then use the second equation to set X; = 0 for all
evenly labelled X;. The third equation always gives Xr, 1 = 0 at ¢ = 0. If Fx is even,
Fx — 1 is odd and one can use the second equation to set X; = 0 for all oddly labelled X;
as well. However, if Fix is odd we have no way of truncating the oddly labelled X;. We
expect that other choices of the p’s will allow a truncation to the deformed KSS model as
in the 3-adjoint example discussed earlier.

4 RG flow

It is interesting to investigate the renormalisation group (RG) flow of some of the models
we have discussed. We will use the a-maximisation theorem developed in refs. [16-19] to do
this. This theorem was used in the context of the KSS models in refs. [20, 21]. In a nutshell,
it tells us that the exact superconformal R-symmetry maximises the central charge

ax 3Tr [R3] — Tr[R] (4.1)

where the trace is taken over all of the fermions in the theory. The R-symmetry used in
eq.(4.1) is the most general, non-anomalous R-symmetry in the theory which commutes
with charge conjugation. Furthermore, the value of a should decrease as the theory flows
into the infrared.

Using this theorem, our general approach will be thus:

1. Start at W = 0.
2. Use the a-maximisation theorem to find the exact superconformal R-symmetry.

3. Write down all relevant deformations to the superpotential AW consistent with the
global symmetries. These are the gauge invariant operators with dimension < 3, i.e.
R-charge < 2.

4. Determine which of these deformations independently lead to consistent, non-trivial
fixed points. Consistency can only be achieved if Ry > 2/3 at the proposed fixed
point, with the inequality saturated if and only if ¢ is a free field and therefore absent
from the superpotential.
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5. Repeat steps 3 and 4 about all consistent fixed points.

For step 4 we are using the fact that, if Ry < 2/3 at a fixed point, the singlet violates the
unitarity bound; it is a gauge invariant spin-0 operator with dimension < 1. According to
ref. [6] the solution to this problem is that ¢ is actually a free field charged under some
accidental U(1) symmetry. This accidental U(1) charge mixes with the existing singlet
R-charge to set Ry, = 2/3. However, if the deformation we found in step 3 contained any
powers of ¢ we arrive at a contradiction. A free field cannot appear in the superpotential,
and we conclude that such a fixed point cannot exist.

4.1 Deformed KSS

Consider the deformed KSS model of § 2. In the absence of the superpotential, the general,
non-anomalous R-symmetry is

. - N
Rg=Rs=1-NRx where N=—_—, (4.2)
Fq
and Ry and R, are arbitrary. Approximating the SU(N) gauge group by a U(N) gauge
group and maximising a, one finds
10 2

= = s R¢:_
9+3V20N2 -1

Rx 3
provided N2 > 1 /2. When looking at the relevance of operators we will only be interested

(4.3)

in the large N limit. This is because any operator that is only relevant for sufficiently
large N will actually be dangerously irrelevant for smaller N: quark mass terms allow
one to integrate out quarks, reduce Fg and therefore increase N until it is large enough
for the operator in question to become relevant. Note that working in the large N limit
also legitimizes the approximation of using a U(N) gauge group, which greatly simplifies
the algebra.

As N — oo in eq.(4.3), Rx — 0 and one finds several relevant deformations

AW = N XFTL AW = MoXPMTE and AW, = M2 X P2t (4.4)

There are other deformations not involving the adjoints, but these are of less interest so we
will not discuss them. We focus first on W = AW,, which fixes Ry =1 — (k2 + 1) Rx /2.
a-maximisation results in R-charges of Rx = 0 and Ry = 1 for large N. R4 > 2/3 so the
fixed point is consistent and should exist. Furthermore, one finds AWy and AWy are still
relevant operators. We thus try W = AW, + AW;.

With two terms in the superpotential the R-symmetry is completely fixed, with

2 2(k1+1)

Ry =—-—7-— d Ry=2- .
X 2k1 — ko +1 a ¢ 2k1 — ko +1

(4.5)
There are gauge singlets appearing in both terms so, going back to § 2, this is the pg # 0,
p1 # 0 case. If one wants a duality, table 4 tells us that we require either

ky — 1 ey — 1
1=2 92—
by —1 O Ty — 1

(4.6)
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w +AWy +AW, +AW,
Relevant Fixed Pt Relevant Fixed Pt |Relevant| Fixed Pt

0 yes yes yes yes yes yes
AW, — — yes no yes | ko > 3ko + 2
AW, no no - - yes  |kg > %kl + %

AWk < Lko+ L|ko < ko — 2|k1 < 2ko+ 2|k1 < 2ko— %]  — —~

Table 12: The fixed point analysis for the deformed KSS model of § 2 with the deforma-
tions eq.(4.4) allowed by the duality.

depending on whether ky > ki (and pg = 2, pp = 1) or ke < ky (and py = 1, p; = 2).
Neither of these choices result in Ry > 2/3 for non-zero values of both ks and ky. We
conclude that a non-trivial fixed point for W = AW5 4+ AW; cannot exist in this class of
electric/magnetic duals.

Instead, we try W = AW, + AW,. Here one finds the fixed R-charges

and Ry = . (4.7)

This superpotential falls into the pg = 0, p; # 0 category for which a duality is always
possible as long as kg > k2. One can easily show that, for ko > 3k +2, Ry > 2/3. A
non-trivial fixed point for W = AWy + AW, is therefore a consistent proposition.

We have continued this analysis for all combinations of the deformations eq.(4.4) main-
taining the duality. The results are summarised in table 12 and the corresponding RG flow
with the maximum number of fixed points is sketched in figure 2. The flow along the
dashed line in figure 2 (connecting the \a-Ag and A\1-Ag fixed points) depends on the values
of ko and k1. The superpotential along this line is W = AWy + AW7 + AW}, which only
admits an R-symmetry if ko = (k1 + ko) /2. In this case the flow along the dashed line
preserves a, suggesting a line of conformal fixed points. If this is true we can use the
reasoning of ref. [15] to argue that the duality is exact along the dashed line, rather than
just an infrared duality. When ko # (k1 + ko) /2 there is no R-symmetry along the dashed
line. The difference in a between the \o-Ag and A1-)\g fixed points is then

Aa = a ()\2—)\0) —a ()\1—)\0) (4.8)

2k — (ko + k
- 1(1 J(r Z J)rg 0) (8—11ko +2kG +18k1 — 12kok1 +12k7 +9ko — 3ko ko +6k1 ko +3K3) .
0

For Aa > 0 the flow is from Ay-Ag to A\i-Ag. If Aa < 0 the flow is from A;-Ag to Ao-Ag

4.2 More adjoints

In models with two adjoints it was shown in ref. [22] that all operators of order less than
four in the adjoints are relevant around the W = 0 fixed point. The addition of gauge

,25,



A

Figure 2: The RG flow for the deformed KSS model of § 2 with the deformations eq.(4.4)
allowed by the duality. kg > 3ko +2 and kg > %kl + % to ensure the Ao-Ag and A1-)g fixed
points exist. The flow along the dashed line connecting the two fixed points depends on
the values of ko and k.

singlets does not change this result. The only such operator appearing in the models of
§ 3.1 is the mass term XY. If one considers deforming the superpotential to W = AXY
the R-symmetry must satisfy Ry = 2 — Ry so the corresponding fermions have equal and
opposite R-charges. The contribution of the adjoints to a is therefore completely cancelled,
leaving the value of Rx undetermined. Despite this freedom the RG flow of the two adjoint
model is not very interesting. Indeed, a quick glance at table 5 shows that Ry is always
negative for non-trivial choices of superpotential. We thus conclude that the interesting
terms in the two adjoint model are usually irrelevant and certainly don’t generate non-
trivial fixed points.

This is generally the case for models with an even number of adjoints. After the
mass terms have been added, there will be one adjoint X; for each adjoint X; such that
Rx, =2 — Rx,. Consequently, none of the Rx, will appear in a and we will end up with
the situation where all interesting deformations to the superpotential are irrelevant. For
models with an odd number of adjoints this is not the case. After adding the mass terms
the R-charge cancellations will proceed as before but there will always be one adjoint whose
R-charge cannot be paired up in this way. We will thus be left with a single, undetermined
Rx, appearing in a. The RG flow then proceeds similarly to the model with a single
adjoint, i.e. the deformed KSS model. It should therefore come as no surprise that, when
¢ = 0, the models with an even number of adjoints flow to SQCD, while the models with

an odd number of adjoints appear to flow to the deformed KSS model.

Note that we are generally interested in the regions of moduli space where ¢ # 0 and
the R-symmetry is spontaneously broken. All of the constraints we have derived in this

,26,



section use R-symmetry arguments so do not apply at these points, leaving much more

freedom to deform the superpotential.

5 Models with antisymmetrics

Building on the success with adjoints in § 3, we now turn to models containing antisym-
metric representations of the gauge group. We will base these on the models of ref. [14].
These models are similar in spirit to KS duality but have a more complicated meson and
baryon structure. Once again, all electric theories are based on SQCD with gauge group
SU(N). The magnetic gauge group will be SU(n) for some n to be determined.

5.1 Two antisymmetrics

We will start with two antisymmetrics A and B along with their conjugates A and B. The
electric superpotential is

(e
ka+1

(BB

— HPAT
Wel ¢ r kB +1

+¢PE T +¢7 (Tr[4B] + T [4B).  (5.1)

for some p4, pp and o. The inclusion of ¢ # 0 turns out to be necessary for baryon
matching; we will discuss it in more detail in § 5.1.1. For now, we merely note that
pa(1+kp)+pp(1+ka)

S . 2
7 nkp (5.2)

The non-anomalous, global symmetry group for arbitrary pa, pp and o is
SU(FQ)L X SU(FQ)R X U(l)B X U(l)A X U(l)R (5.3)

where U(1)g is a unique R-symmetry.
The F-terms for the antisymmetrics give

PPAA(AAYRA 1478 = 0
PPAAAMA+¢°B =0
¢’EB(BB)"? + ¢°A = 0
¢’B(BB)*8B + ¢° A = 0. (5.4)

One uses the first two equations to write B and B in terms of A and A then, upon

substitution into the last two equations, one finds

¢(PA—U)(Zl‘v‘B‘f‘l)_O"f'PBA(AA)QkAk‘B‘Fk‘A‘Fk‘B - A

$(PA=0)hnt1)~otpn (g fy2kakpthaths 4 _ 4 (5.5)

If ¢ # 0 the chiral ring truncates at A(AA)?kakptkaths and (AA)2kakstkatks 4 or, equiv-
alently with B and B. We will discuss the ¢ = 0 case later.
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Once again, eq.(5.5) looks similar to the truncation equations of the base models
ref. [14] for ¢ # 0. We therefore assume the duality proceeds in the same way, but using
the effective value of k

kE* = % [(2ka+1)(2kp+1) —1]. (5.6)
This implies the meson structure
Mj = Q(¢**AAYQ, j=0,... k"
P; = Q¢™*AA)Y ¢ A]Q,  j=0,....k —1 (5.7)

where we have learnt from our experiences with adjoints and included a ¢® with each
antisymmetric from the start. The dual gauge group is SU(n) with

n=(2k* +1) Fy — 4k* — N. (5.8)

With a magnetic superpotential

(ad) s+ (s R

— HPA PB o

Winag = ¢4 Tr [ a1 + ¢PB Tr p— + ¢ <Tr {ab] + Tr [ab]) +
k*—1 k*—1

D Pl (¢ aa) "+ 3 Pollg™aa) " ol +
j=0

ZM]q #**aa)" 7 q (5.9)

one finds the matter has the symmetry properties laid out in table 13 for the electric theory
and table 14 for the magnetic theory. The value of « is determined by demanding that the
meson terms in the magnetic superpotential have R-charge +2. This yields

AL+ k") + pp (1 + 2ka)

0
_ . 5.10
@ TN (5.10)

Moving on to 't Hooft anomaly matching the picture is similar to § 3. The non-zero
mixed anomalies are

U(l)B X SU(FQ 01

U(l)B X SU(FQ -1

U(l)R X SU(FQ —N (N + 2k* /FQ (1 + k:*)
(1)

)
)
—2(1+2ka) (1 +2kp) /(1 + k")
:—k*N (N —-1)/(1+k")

3k*N + N? 2kakpk*

R Y (1+k*)[pA(1+kB)+pB(1+/<:A)]'(5'H)

)7
)k
)7
U(1)g x SU(FQ)% : —N (N + 2k*) /Fgo (1 + k%)
K
VA
)
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SU(N)|SU(Fq)L|SU(Fo)r|U(1)B|U(1)4 U(l)g
QN| Fo | t |5 ]0 |- e
AN| v [ Fa A[o] 1-dith
Alasym| 1 | 1] & || it
Alasym| 1 1| % | 1| B are e
Blasym| 1 | 1 | X | 1 | S atekeasiig
Blasym| 1 | 1 |-F| |
o] 1 ! ! 0 O |~ (21kflfBB)TpB(1+kA)]

Table 13: The matter content of the electric theory in the two antisymmetric model.

SU(n)|SU(Fg)L|SU(Fo)r|U(1)p| U(1)a U(1)g
o n | Fq | 1 | beRE i)
IR S e
O B RN R
] 1| [ F[ T
e 3|2 | e
awvm v [ 1[R[ | et
¢ ! ! ! 0 0 B (1+k*)[pA(zlkflfg)lim(um)]
M;| 1 Fq Fq 0 0 FQ(2+2}J%-(2{€;)]€:)2N—4I§*
P11 asym 1 0 ~1 FQ(3+2;;-(2{€_:)I;)2N—4]§*
Pl 1 1 asym | 0 1 FQ<3+25(2{€;>];)2N74;&
Table 14: The matter content of the magnetic theory in the two antisymmetric model,

n=(2k*+1) Fg — 4k* — N.
They are the same in both the electric and magnetic theories. The cubic flavour anoma-

lies are

SU(Fg)3
SU(FQ)?}’% :

N

~N (5.12)

in both theories; the U(1)% and U(1)% anomalies are zero. As in the three adjoint model,
the cubic R-symmetry anomalies are both very complicated expressions which do not im-
mediately match. One can write the difference as

f2a(p k) [pB (1 +2ka) + pa (1 + K5)] [p (1 + K7) + pa (1 + 2kp)] (5.13)
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where
3kakpk* [Fo (14 2k*) — 1 — 4k*| [Fg (1 4 2k*) — 2N — 4k*]
(14 %) [pa (1 +kp) + pp (1 + ka)]® '

faa(p, k) = (5.14)
When eq.(5.13) is equal to zero all cubic anomalies match. Solving for pp yields two pos-
sibilities;
k*—kp 1+ k*
= or =— .
PB sk pB T2k,

Note that p4 = pp = 0 is not allowed as the R-charge of the singlet is not well defined.

(5.15)

Substituting into eq.(5.2) one finds
k* k*

- Nl
TS 7oA (5.16)

7T %5 (1+ 2ka

respectively.

For ¢ = 0 there are two truncation possibilities. Choosing p4 > 0 one finds strictly
negative values of pp from eq.(5.15). With this in mind, the ¢ > 0 solution of eq.(5.16)
reduces the F-term equations eq.(5.4) to

B(BB)*® = (BB)**B =0 (5.17)

at ¢ = 0 and the chiral ring does not truncate for A and A. On the other hand, the chiral
ring truncates trivially for the o < 0 solution of eq.(5.16). The first two equations force
B = B = 0 which, in conjunction with the last two equations, forces A = A = 0. If pa <0
one finds pp > 0 and the situation is identical, but with A’s and B’s exchanged.

5.1.1 Baryon matching

The baryon matching scheme of ref. [14], in conjunction with our meson structure eq.(5.7)
and eq.(5.10), suggest electric baryons of the form

B, = (¢*A4)" Q"% (5.18)

and magnetic baryons
by = (¢%a)(Fa=2)k"—rgFo=N+2r (5.19)

with the baryon map B, < b.. This map is totally consistent with all global symmetries.
The powers of the singlets are precisely those needed to match the R-charges of the baryons.
However, this is only the case for the value of o set down in eq.(5.2).

If we had left o as an undetermined parameter we would have found

PA (4 — FQ + 4/{:3) + pB (4 — FQ + 4/{:,4) — QpB/{?AFQ — 20kp (FQ + 2kAFQ — 4KA)
2 k"

o =

(5.20)
when we constrained the meson terms in the magnetic superpotential to have R-charge +2.
Using this value of « in the baryon map, the R-charges do not generally match up. Even
worse, the difference is dependent on the value of r used in the baryons. Hence we are not
free to choose o arbitrarily. If we wish to construct a baryon map which satisfies R-charge
matching independently of r we are forced to choose o as in eq.(5.2).

,30,



5.2 Three antisymmetrics

We now add an extra antisymmetric C' and its conjugate C to the electric theory of § 5.1,
leading to a superpotential

( A)kA'i‘l (Bg)kBJrl (Cé)kcﬂ
— AHPA PB pPC _
W = ¢ Tr ka+1 ¢ kp+1 eI ke +1
¢wﬁpﬂ+ﬁﬁw}mﬂmﬂ+ﬁ@qy (5.21)
We define )
k= 5 [(2ka +1) (2kp +1) (2ke +1) 1] (5.22)

at this point to simplify the following expressions. Note that, in line with our previous
experiences, this is the value of £* we expect. For arbitrary values of pp, the electric theory
has no non-anomalous R-symmetry. One must choose

pc (ka+kp+2kakp) — pa (kg + ko + 2kpkc)

PB = +2(1—|—k3)0’ (523)
ko —ka

in order for the theory to possess one. Furthermore, one requires

po (= k) — pa (F — ko)
O T k) (ke — k) (5:24)

for the baryon map to work out, as discussed in § 5.1.1. With pp and o fixed, the non-
anomalous, global symmetry group is

SU(Fg)r x SU(Fo)r x U(1)g x U(1)4 x U(1)g (5.25)

as it was for the two antisymmetric model.

The F-terms for the antisymmetrics give

PPAA(AAA + "B =0

PPA(AA) A+ ¢°B =0
¢’EB(BB)*E + ¢7(A+C) = 0
¢’E(BB)*5 B + ¢"(A+C) = 0

PP C(COYe +¢°B =0

¢ (COVeC +¢°B = 0. (5.26)

One can use the first two equations to write B and B in terms of A and A, then the middle
two equations to write C' and C in terms of A and A. Finally, the last two equations can
be employed to find

A(AAF ~ 0 <A(Aﬁ)k*—2kAkB—kA—kB>

(AA)k*A ~ O <(AA)k*_2kAkB_kA_kBA> . (527)
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As long as ¢ # 0 the chiral ring is truncated at A(AA)*" and (AA)*" A. Equivalently, we
could truncate in exactly the same way using C' and C. The ¢ = 0 case is discussed later.

Assuming ¢ # 0 and using A as the active antisymmetric (the argument would be
equivalent if we used C instead) we proceed as usual. The dual gauge group is SU(n) with

n = (2k* +1) Fy — 4k* — N. (5.28)
k* is defined is eq.(5.22). The mesons are
(0**AAYQ, j=0,....k"

Q
Q[¢“A(¢2“AA) Q. =0,k 1

with (k) (K — ko)
|%e —RA) — PA — hC
@ 2(1+k*) (kc—kA) 7 ( )

The magnetic superpotential is

(ad)kA-f—l
ka+1

(bb)*o !

(cé)kc+1
ey ]+

= HPA T
Wel ¢ I‘|: kC+1

} + ¢PB Tr

+ ¢PC Tr |:

o (e [o] + vl + T el 7 [ie]) +
k*—1 —

ke — “1-j 3
Z jale%a (¢*aa)" q+z sdl(0%aa)" ™ g a)g +

Z 5q ( (]520‘@@ . (5.31)

We summarise the matter content for the electric and magnetic theories in tables 15 and 16
respectively. All U(1) charge assignments are consistent with both the meson structure and
the magnetic superpotential as required.

We now consider the ’t Hooft anomaly matching. The mixed anomalies are exactly
the same as those of the two antisymmetric model eq.(5.11), but with the new version of
k* given by eq.(5.22) and

3k*N + N? 2 (ke — ka)

Ulr s =2 = = - Cpo(L+ka) —pa(l+ke) (5:32)

The cubic anomalies are also equivalent with the exception of the U(1)3, anomaly; the
flavour anomalies are

SU(Fg)i : N
SU(Fg)% : —N (5.33)

in both theories; the U(1)% and U(1)% anomalies are zero. Again, the cubic R-symmetry
anomalies do not immediately match. One can write the difference as

f3a (p, k) [poka — pakc) [po (K* = ka) — pa (K* = ke)? (5.34)
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SU(N)|SU(FQ)r|SU(FQ)r|U(1)B|U(1)a U(1)g

QI N Fq 1 + 0 1- %
QN | v [ Fa k|0 ] 1-m
A|asym ! ! N ! pc<1+z$:§ﬁ<1+kc>

Al asym ! ! —~ | ! PR A)—pa (RG]
B|asym 1 1 % 1 1+1k* + pcfl(iif?:;j(ﬁi)kc)
Blasym| 1 [ 1 [-F] 1[5+ it
¢ asym ! ! % ! PC(1+/€ZCS:Z:2(1+1€C)

C| asym ! ! v | ! P A)—pa(ITRG)

o] 1 ! ! 0 0 B pc(1+2k(i)0:pk; ()1+kc)

Table 15: The matter content of the electric theory in the three antisymmetric model.

SU(n)|SU(Fq)L|SU(FQ)r|U(1)p| U(1)a U(1)g

g| n | Fq 1 G 1 - 28

g| m 1 Fq | — —LQ;z)k* L - i

a |asym 1 1 % N;LFQ pc(1+klixc):z;‘(1+kc)

a |asym 1 1 _% . N:"LFQ pc(1+k€xci:22(1+kc)

b |asym 1 1 % N_VLFQ 1+1k* + Pcfl(iiljf:pp:(ﬁi)kc)
b asym 1 1 _% —N;FQ 1+1k* + Pcfl(iiljf:pp:(ﬁi)kc)
¢ |asym 1 1 % % pc(1+kl;%:22(1+kc)

¢ |asym| 1 1 -2 | =2 PR —pa(TFES)

o 1 1 1 0 0 __pc (1+21~c(j§—_pk: ()1+kc)
W[ | | Fa [0 | 0| merane
B[ 1 [wm | 1 |0 | 1 | Tembi
Pl 1 1 | asym | 0 1 e

Table 16: The matter content of the magnetic theory in the three antisymmetric model,
n=(2k*+1)Fg —4k* — N.

where

6[Fo (14 2k*) — 1 — 4k*] [Fo (1 + 2k*) — 2N — 4k*]

fsa(p, k) = — 1+ k) [po (1 +ka) —pa (1 +ko)]?

(5.35)

Where eq.(5.34) is equal to zero all cubic anomalies match. Solving for po yields
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two possibilities;

ko k* — ko
= — = 5.36
PO =T-PA T pC= o pepa (5.36)
which, using eq.(5.23), result in
B k* — kg ~ kp+2kpk™ +k*
PB= Tha+kn)t 0 PBT T e Tk, A (5:37)

respectively. Any choice of the ps satisfying both eq.(5.36), eq.(5.37) and giving well defined
R-charges is allowed. Note that demanding a well defined R-charge for the singlet once
again eliminates the solution p4 = pp = pc = 0. Substituting into eq.(5.24) and eq.(5.30)
one finds

k:*
__mpA or o=—-a=0 (5.38)

respectively.

As another check, we consider the baryon matching. This goes exactly as in § 5.1.1 for
all allowed choices of pa.

When ¢ = 0, we get a deformed version of the models in ref. [14]. Explicitly, eq.(5.36)
and eq.(5.37) show that p4 and pc always have the same sign whereas pp always has the
opposite sign. o either has the opposite sign to p4 and po or is zero. We must therefore
consider the F-term equations eq.(5.26) for several possibilities. If pa, pc > 0 then pp < 0
and o < 0. eq.(5.26) tells us that B = B = 0 at ¢ = 0 but says nothing about A or C,
hence the chiral ring is not truncated. If ps, pc < 0 then pp > 0 and o > 0. The middle
two equations reduce down to A = —C and A = —C' in this case. The remaining equations
of eq.(5.26) then only have finite field value solutions at ¢ = 0 if A(AA)*4 = (AA)k24 =0
and A(AA)kc = (AA)*c A = 0. If ¢ = 0 this solution also sets B = B = 0 and the chiral
ring is truncated at the lowest of k4 and ko; we are, as claimed, left with a deformed
version of the models in ref. [14]. However, if 0 > 0 B does not appear in the F-term
equations at ¢ = 0 and the chiral ring remains untruncated.

5.3 F4 antisymmetrics?

The similarities between the first of the solutions for pp and ¢ in the two and three an-
tisymmetric models (see eq.(5.15), eq.(5.16) and eq.(5.37), eq.(5.38) respectively) suggests
a pattern which may be extended to an arbitrary number of antisymmetrics. This was
certainly the case in § 3.3 for models with adjoints. Thus far, we have been unable to
realise a duality for a model with F4 antisymmetrics.

We believe such a duality does exist. Indeed, if the electric theory for such a model
were to have superpotential

W= Yoo m [BA oS o [ad ] n []) 699)
i=1 ! =

the truncation would occur for ¢ # 0 is a similar way to the models of § 5.1 and § 5.2

but with -
(H (2k; +1) — 1) . (5.40)

i=1

k* =

DO =
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Unfortunately the expressions for R-charges, o e.t.c. quickly become very unwieldy. A
simple generalisation of eq.(5.37) and eq.(5.38) does not work.

6 A note on symmetrics

With a little effort the entirety of § 5 is immediately applicable to models with symmetric
representations of the gauge group instead of antisymmetrics (as was the case for the models
of ref. [14]). The only differences will be as follows.

e The dual gauge group is SU(n) with
n=2k"+1)Fg+4k* = N (6.1)
and k* defined as before.

e The mesons P; and ﬁj are in symmetric representations of the appropriate quark

flavour groups instead of antisymmetric representations.

e The electric baryons go like

N—r

B, = (¢*S) (Q?) (6.2)

and magnetic baryons go like
by = (¢7s)2 Tt 2k r (g2) e (6.3)

This accounts for the fact that symmetric tensors cannot be contracted with a single
€. Instead one needs to use two. The baryon map is still B, < b,..

e The R-charges of the electric and magnetic quarks are

N — 2k* n — 2k*

=]1—-—=—— d =1]—-—
Rq an R, FQ(1—|—k*)

Fo (1+ k") (6.4)

respectively. The R-charges of the mesons and the R-symmetry anomalies are up-
dated accordingly.

The gauge singlet sector is completely oblivious to whether we use symmetric or antisym-
metric representations of the gauge group in the theory. In particular, the values of «a, o
and the constrained p’s will remain unchanged. We have checked this explicitly for the two
symmetric model and it should apply to the rest of § 5.

7 Conclusions

We have investigated the role that singlets can play in establishing new electric/magnetic
Kutasov type dualities (i.e. with superpotentials). Our models are based on N' =1 SQCD
with Fg flavours of quark and antiquark with additional fields in the adjoint, antisymmet-
ric or symmetric representations of SU(/V). The singlets generate R-symmetry violating
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couplings once they acquire VEVs, and these couplings in turn allow for a simple trunca-
tion of the chiral ring. Consequently a much wider class of dualities can be investigated.
On the other hand 't Hooft anomaly matching can be performed on the full R-symmetric
theory and provides the usual acid test of the duality.

The central observation required to make the 't Hooft anomaly matching work was how
to identify the correct singlet content of the elementary mesons in the magnetic theory.
Once this has been achieved, it is possible to find electric/magnetic duals with any number
of adjoints or antisymmetric or symmetrics.
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